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The Stokes flow due to the motion of a small particle in arbitrary directions is
investigated in the presence of a circular hole in an infinite thin plane wall separating
a quiescent viscous fluid.

The solutions of the boundary-value problem are obtained in closed forms to the
point-force approximation in toroidal coordinates, by the use of the Green and
Neumann functions supplemented by the edge function to remove the singularity at
the rim of the hole. The volume flux through the hole and the force and torque
experienced by the small spherical particle are determined on the basis of this
solution. The case of linear motion parallel to the plane of the wall is discussed in
detail.

1. Introduction

The motion of a small particle near an orifice is an interesting problem with various
biological and engineering applications. Recently, the axisymmetric motion near a
circular hole in a thin plane wall has been studied on the basis of the point force
(Stokeslet) approximation (Hasimoto 1979, 1981; Davis, O’Neill & Brenner 1981).
Dagan, Weinbaum & Pfeffer (1982) presented the general theory for the motion of
a sphere of arbitrary size by the use of two series solutions in two semi-infinite
domains and the collocation technique.

The non-axisymmetric solution for the Stokeslet perpendicular to the plane wall
has been presented by Miyazaki & Hasimoto (1982) in terms of the Green function,
yielding a singularity on the rim of the hole, which can be removed by the
complementary infinite-series solution.

Recently, a closed-form solution for arbitrary direction of the Stokeslet has been
given by Hasimoto, Kim & Miyazaki (1983) in the case of a semi-infinite plate,
yielding the approximation for the Stokeslet in the vicinity of a circular hole, where
the convergence of the infinite series is slow.

In this paper the solution for the circular hole will be given in closed form for a
Stokeslet of arbitrary position and direction.

Fundamental equations and the outline of the method of solution will be presented
in §§2 and 3. The solution is given in terms of the Green and Neumann functions
supplemented by the edge function to remove the singularity on the rim of the hole.
Toroidal coordinates are adopted.

In §4 these solutions are applied to the case of a small sphere translating in a
quiescent fluid. In §4.1 the volume flux through the hole is given by contours referred
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Ficure 1. Geometry of the problem.

to the position of the sphere. In §4.2 the drag, sideforce and torque on the particle
are given to first order in the wall effect. They are given in terms of tensor coefficients,
whose values are presented as contours referring to the position of the particle. As
an example, the case of the translation along a line parallel to the wall is studied in
detail.

2. Fundamental equations

Let us consider a viscous fluid separated by the plane z = 0 with a circular hole
of radius unity, whose centre is at the origin of the cylindrical coordinate system
(0, 0,2). Figure 1 shows the geometry of the problem. We also make use of the
Cartesian coordinates (x, y, z) with unit vectors £, § and £ parallel to each axis, and
with .

x = pcosb, y = psind. (2.1),(2.2)

A small particle at 2, = (z,, 0, z,) translating in an arbitrary direction induces a flow
in the fluid, which is at rest at infinity.

On the assumption that the particle is small and that its motion is slow, we have
the following equations of motion (2.3) and of continuity (2.4),i.e. we adopt the Stokes
equation of motion:

grad p = uV?o, dive =0, (2.3),(2.4)

where p is the pressure, v = (u,v, w) the velocity, 4 the viscosity coefficient and
Vz = 82/0x? + 02 /dy? + 0% /2% denotes the Laplacian operator.
The boundary conditions on the rigid wall are given by

v=0 on z=0,p>1 and v—>0 as |z|>. (2.5),(2.6)

Assuming that the particle size is far smaller than the distance from the wall, we
place at the particle position Stokeslet singularities, which play the role of driving
forces with a unit strength.

Owing to the linearity of the problem we have only to study the three cases where
the direction of the Stokeslet is parallel to each coordinate axis (denoted by
x; (j = 1,2,3) for z, y, 2 respectively):

8ruv? = q¥ = O, [%:l—xjo grad (%) , (2.7)
dnp = p{ = AL/B) (2.8)

axj
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where
R =|r—=x), (2.9)
is the distance from x, and O, denotes the operator
O,[¢] = =z, grad ¢ — X, (2.10)
yielding the Stokes velocity from the harmonic function satisfying
Vig = 0. (2.11)

The outline of the method of solution and the exact solution for each case by this
method will be presented in the following sections.

3. Outline of the method of solution

The general solution of the Stokes equation is given by four harmonic functions
¢, (2 =1,2,3,4) as follows (see e.g. Hasimoto & Sano 1980):

3 3
8nuv = ¥ O,[¢,]+grad ¢, and 4dnp= X ? (3.1),(3.2)
=1 i=1 0%y
These functions should be determined from the boundary conditions (2.5)-(2.8).

In our problem it is rather convenient and simple to introduce the Green and the
Neumann functions G and H to satisfy the boundary conditions, and to remove the
edge singularity at the rim of the hole p = 1, z = 0 by introducing the complementary
singular solutions later on.

Let us introduce the toroidal coordinates (£, 0, ) related to (p, 0,2) by

sh§
P = hE—cosy 3:3)
and
__ sinp <7<
= S E—cony 0<f< o, 0<7<2m), (3.4)

where the wall is given by # = 0 and 2%, and § = oo corresponds to the rim of the
hole. Then G and H are given by (Wendt 1958),

G=YW—-W* and H=L}{W+W¥), (3.5), (3.6)
where
Y P _M_—v_)]
W_EI:I +nsm oh Iw , (3.7
_ [2chw—2cos (n—7,)F
R= TN} , (3.8)
M=MEn = (Chg“cosﬂ)%’ My = M(&, 1), (3.9)
chw=chg§ch§,—shfsh§,cosb, (3.10)

and the quantities with the asterisk * are obtained by replacing 7, by —7, in
corresponding quantities. According to the definitions of G and H,

1 1
G=G—§ and H=H—§ (3.11)
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are regular harmonic functions in the flow field,
vi@=0, VH=0, (3.12)

and satisfy the boundary conditions

got A__2(n)
T R %2  &\R/)’
ie.
oH .
G=0, E=O atz2=0, p>1 (ie.g=0,2n). (3.13)
Letting £~ o0 in (3.5)—(3.10), the behaviour of G' and H at the edge of the hole is

found to be

m_ Coséﬂocos%ﬂ_ nMo'ﬁ(a)e (1+0(e ))
2M B
=2 VO (1+0E), (3.14)
where
¥(6) = (ch&,—sh£,cos6)1. (3.15)

If we replace 1/R by G in (2.7) and (2.8) and add a particular solution O,[¢,] in
terms of a harmonic function ¢;, we have

8nuv? = O, G —1x;, grad G+ Oy[¢;] (3.16)
and
¢ 3
P =" 47
4anp ax,+ % (3.17)

If we notice that on the plate 2 =0, p > 1
oG, s
O,[G] = %52 and O,[g] = —¢2 (3.18),(3.19)
from their definitions (2.10) and (3.13), then the remaining condition is

oG
@, = (xj—xjo)—a; on the plate. (3.20)
Making use of the fact that
G-H=G-H=—Ww* (3.21)

is regular harmonic in the flow field, and x;0¢/0z—20¢/0x; is harmonic if ¢ is
harmonic, ¢, is easily found to be

AG—H) G—H)

¢1 = (xj—zjo) o 2 ax]-
ow* ow*
=2z ax4 _(x]_x]'O) az . (3.22)

Unfortunately (3.16) and (3.17) with (3.22) render the velocity (p, z-component)
infinite and the pressure non-integrable at the edge £— co (see (3.14)). The singularities
on the right-hand-side of (3.16) are found to be (for j = 1, 2 and 3):

g® = -z, +Req’™*, ¢® =Imqg'*, g% =—27q, (3.23)
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where = denotes that the terms O(e %) are neglected, and Re and Im denote the real
and imaginary parts respectively. Here

7 a a - 7 7
q = 03[5§J+grad0—03[a—2’] =Cs96¢—Cuquy,

(3.24)
q* = OSI:Z%V]+grad [ZG]—-O, I:Z%?] = 0eqd—Cuay
with 9
Co= EMO sinlg,, Cyx= 12—':M0 cosin,, (3.25)
Z=elt (3.26)
’ MS
goly] = 10, M ] +grad | T2V .
quly] = 10,[ My,
9¢ = 9c[VZ]. 95 = qulv 2], (3.27)
and
M, M,
cosé'); sml'); ME 7). (3.28)

In these derivations we have made use of (3.14) and the relations
0(M 1 . 0 1 . .
&(‘M—;) = rsht i costy = 1M, and a—(—MZ—) = chtigsingy = 1M, (3.29)

qc[Y] can be rewritten as
95[¥] = 30, [ M, Y]+ 30, [ M, 1 —1 grad (M, y)
= grad [(p— 1) M Y] +30,| M ¥ 1 —3M, yp, (3.30)
where

O, [P] = p grad [D]— Dp (3.31)

and we have made use of the relation

3 grad I:ﬁz :| = O,[Yy cos OM ]+ O, sin & M.]— O,[yy M ] —grad [y M)
= O, [y M,]—Oy[yr M, ] —grad [y M,], (3.32)

which can be proved by taking components in cylindrical coordinates and noting
(3.29) and the relations

) MS) . 1 0 (Mc) 1
_ap <M2 =—1ipM,, —ap )~ oM, (3.33)
as well as
oM . oM
- =_1 - = i
o 1o M3 cos, % LM ch§. (3.34)

For g we have only to replace ¢ by ¥Z in the corresponding equations. Our
remaining task is to find the Stokes velocities ¢ and g* vanishing on the plate as
analytic continuation of ¢” and ¢’* and subtract them from (3.16).
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For this purpose we notice that the harmonic function with e in toroidal co-
ordinates can be expressed as (Bateman 1932)

P=M¢ or M.p, (3.35)
where
¢ = f(1Z)+9(Z) (3.36)
with
7=thlf, Z =exp(—if). (3.37)
The application to gz and g5 is simple. We have only to represent ¢ and ¢Z as
y=10+1, Y*=yZ=y*+1, (3.38), (3.39)
where
V= Zf(Z)+ Zf(Z) and §* = Zf(Z)+12 Zf(Z) (3.40), (3.41)
with
1
NZ) = 1=z (3.42)
Then we have
gu =10, M V], qF = JO,[ M, ¥P*), (3.43)
where
V=1,P+1, ¥*=P*+1, (3.44)
with
Y = 1Zf(1Z)+c.c. (3.45)
and
U = 1Zf(1Z)+ 12 1Zf(1Z). (3.46)

It is easily found that g, and g% are Stokes velocities vanishing on the wall and
yielding the same singularities as ¢ and ¢5F as 7—>1, i.e. £—> 0.

However, the situations for g and g¢* are not simple. If we look for four harmonic
functions corresponding to (3.1) and (3.35)—(3.37) in accordance with (3.30), we have
for the Stokes velocity

q = O,[M;$,]+O,[M;p,] +O,4[ M ;] + grad [ M ¢,]

= O,[ M $,|+2¢ 0+ Oy M. ] +grad [ M,,]. (3.47)

with
¢; = f(1Z)+g,(rZ) (3.48)

and
¢, =cosfp, +sinbg,, ¢,=sinb¢@ —cosle,. (3.49)

If we take into account that

oM, 1 1 _ _ 272
% =+iM3, p=" M?=ch§ 1—1__72

(3.50)

on the wall (y = 0, 2m), the condition of vanishing @ on the wall is given by

¢p = (;—T) b, — T, (3.51)
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N h= (é—TZ)f3 TZfy, fo= 1( IZ+1'Z)f3+WZf4 (3.52)

The assumption of ¢, = —1¥ and ¢, = }¥ with (3.44) in accordance with (3.30) and
(3.47) seems to be satisfactory, yielding g4[1/] as 7— 1. Unfortunately, it is singular
at 7 = 0, i.e. on the z-axis, because of the presence of the constant term 1 in (3.44).
This difficulty can be easily avoided if we make use of 7, ¥ instead of ¥ and
complement the axisymmetric part by

0
do0 = O S0 | +erad g, (3.53)
where
1 o M z V2 M, M
e = 72 A(l+¢tan™1g) = \/2 —— tan™ —r e (3.54)

corresponding toy = 1,i.e. the complementary function (mult1phedby2 1) introduced
by Hasimoto (1981) to remove the corresponding singularity in the axisymmetric
case. Here A and { are ellipsoidal coordinates

z=2AL p=(1-221+) (3.55)
related to § and 4 by
V2 Ms V2 M,
A= L = S TOE (3.56)

Summarizing, we have
1 271
4c = qaotiTo {0,, [Ms (;+1> 7’]+T(;—T) MJ[1Zf(rZ)—c.c]®

+O,[M, ¥P]—2 grad (M, 57')} (3.57)

d
a;’; = Toqco+%{0p [Ms ($+1> ¢*:| +%Ms (;—'r> (1Zf(1Z) —121Zf(1Z)) 8

+O,[ M, P*)—2 grad (M, P* )} . (3.58)
We now have only to add to (3.16) the correction velocities g corresponding to (3.23)

and (3.24), using (3.43), (3.57) and (3.58).
Thus the final expression for v satisfying all of the conditions is

8ruv? = O,[Q]—x;, grad G+ O,[p;]+ g%, (3.59)
where
gV =2,q—Reg*, ¢% =-Img* ¢© =24, (3.60)
with
4=Cgqc—Cuqy, 9*=Ccq¢—Cral (3.61)

By use of (3.1) and (3.2), the vorticities @ and the pressure corresponding to (3.61)
are given by
anpe® = ®; x grad G+ X, x grad ¢, +v? (3.62)
and

. 0 0
0 =2 Gt 470 3.63
4anp o, aq+ o, @;+7?, ( )
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where
v =g v—Rev*, 7 =z 7—Ren*,
v® = —Imv*, 7 =—Imn*, (3.64)
v® =z, 7® =27,
with
* * % * * * (3.65)
where
ve =X, xgrad ¢c+ ‘ro[pxgrad[ (1+‘r>$7’] W
b e o
+;xgrad ipM{ —~7 [‘er(‘rZ)—c.c.]] +x3xgrad[MC9~’]}
1 1
= Ty R, X grad ¢c [p x grad [MS <;+T> 9’*]
9 . 1 Q77 7 2 ¢*
+—Xgrad lpMs‘;—T (TZ f(1Z)—T37Z f(tZ)] |+ ®, x grad [M, ¥*] |,
3,1 1 19 (3:66)
IRPIRKI R ——
g = azz¢c [<6p+p>[MS<T+ >¢j| +paa[M< T)[T frZ)—c.c]
+_a_£[Mc mjl,
0? 1[f0 |1 1
s =gt 205 +) )
+1_6_[ M (——T) [TZf(TZ)—TzTZf(TZ)]+—-a— M ?*]]
060 o 52 Me ' )
1n these expressions
=T =T -
P = 1_7_07_Z+c.c. H(2 cosf—T1,7) (3.67)
and
o =
e T2, TaTE (3.68)
1—1y72 1—7472
= %1[2(1 +172) cos O —7,(1+73) +2i(1 —72) sin 6],
with
H=1-27,7 cos0+T1}7%, (3.69)

where we have made use of (3.40)—(3.42).
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F1eUre 2. Volume flux induced by the radial translation of the sphere;
as contours in the (x,, z,)-plane.

4. Translation of a small sphere

4.1. Volume flux through the hole

When a small sphere of radius a translates with the velocity U = Z3., U9%,, a net
volume flux @ through the hole is induced. To the lowest order of a we have

Q@=—-D,0" U, (4.1)
where
D, = 6nua, (4.2)
Q! = (QW, Q@ QW) (4.3)
QU = f f 9 (p, 8,0) p dp db. (4.4)

Equation (4.4) integrates to zero for j = 2, because of symmetry. The contours in
the (x,, 2,)-plane of @@ and Q® are shown in figures 2 and 3 respectively.

QY takes the maximum value @ = 3.8 x 1072 at P{}’ (0.65, 0.62), vanishing on
both axes and at infinity.

Q® takes the maximum value @ = 1.6 x 107! at the origin. It decreases slowly
in the z, direction and rapidly in the x, direction.

Note that there is at any position in the (z,, z,)-plane one direction along which the
sphere translates giving no volume flux; e.g. —2.8° to the z, axis at P{) (0.65, 0.62).
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FicURE 3. Volume flux induced by the axial translation of the sphere;
as contours in the (x, z,)-plane.

4.2. Drag, sideforce and torque

We can evaluate the force F¥’ and torque T acting on the sphere translating parallel
to each axis with the velocity UP%; to the first order in the wall effect, by means
of the generalized Faxen law (see e.g. Happel & Brenner 1965):

F® = —DyUD%, + D, <v<f> —8—51->0, (4.5)
T9 = _32D <w0‘> —“’g)> (4.6)
3 0 8mu 0’
where
wd = curl g’ = 2%, x grad (1/R) (4.7)

and { ), implies the induced field evaluated at the centre of the sphere « = z, with
the subtraction of the fields ¢¥ and @ of the Stokeslet.
Evaluating the value at the position z,, we have

F = —6nuall+aK+ 0] U
and
T = —8nua®[a*C+0(a*)]* U,
where / is the unit tensor and
f:c:c 0 fzz O tzll 0
K={o0 f, 0] C=]|¢t, 0 t,] 4.8)
fZZ 0 fZZ O tll[ O
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with

for = RIE[MZ <9n—_—_—77+6—600s77+8 008277+008377)

siny
+2(1—cosy) (3+ cosnp—5 cos?y—cosy)

1+cosy . , ( 4 )j|
LRt A S T 2
e sin®*7 hZ+1 cosn =+ cos?y

_ __shfsiny _ [4(1 + cosn)
Joz =Fe2= 1672 ( s7) chE+ 1

__L 2<18_(M) )_ _
f”_lﬁrc[M sin7 +6)—12(1 —ch{ cosy)

in2
+s111‘11277 (ch? cosp+8M2 chf+2 chE—5 cosy+ 2):|,
_ M*[8(1—cosp), 9m—9) j|
Juy = IGTC[ chf+1 sing +8+cosy
and
tyz =—--%;(ch&—1)sin77[ch§cos77+3ch§—2cos17+2——‘L(éT-i-gc_:_)—sl—?]2
1 1
—_ 242 o1 —_ [ 4,2 —
txy—wnMT sing (chg§—1) 16KMT z(ch§—1),
1 1
-~ M2 — =— M2p(1 —
by = 161tMT sh£(1—cosy) 16KMT p(1 —cosy),
tye = = shE (1—cos7) [3M*+ 72 (chE +2) (1 +cos )]

—chf cosy—9 chf+8 cos77—2:|

])

J

211

(4.10)

Here we have omitted the suffixes 0 from &, 3, and M, for the sake of brevity.
The tensor € is useful in predicting the angular velocity £ of the sphere when it

is allowed to rotate (Sano & Hasimoto 1978):
2 =—C-Ia+0(a%),
the effect of rotation on the force being of higher order.

(4.11)

Let us begin with two special positions of the sphere (i) on the z-axis; and (ii) on

the aperture. When the sphere is on the z-axis, i.e. £, = 0, we have

3 3(n—
Jrz =fyy = I—&(l—cosﬂo)<4—c()s%+_(__77_0))

sin,

_ 9 tan’z, 2( 3 + 2 )
T 8n oz, 8n\l1+22 (14222
-3 3(75_770))

frz = S (1 —cosy,) (1 +2cosn,+ sing,
_ 9tanT'z, _3_( 3 4 )
Tan 4n ’

1422 (14222
fzz =fzz =0, C=o.

(4.12)
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Fi1cURE 4. Variation of f,, = f,, and f,, when the sphere is on the z-axis.

The formula for f,, in (4.12) has already been given by Hasimoto (1979, 1981) and
Davis et al. (1981). Figure 4 shows the variation of f,, = f,,, with respect to z,. Note
that f,, has an extremum 0.69 at z, = 0.8702, in contrast with f = f, , which
decreases monotonically as z, increases. If we consider the symmetry, we are sure that

fzz = foz by ty, 80d £,y +1t,, must vanish on the axis. However, the vanishing of ¢,
to the lowest order of approximation is a little surprising.

When the sphere is on the aperture, i.e. 7, = T, we have

_ 1 _ 1 6+a3 \
Joz = gz (TehE+8) =512
1 13—a2
fy”_n(Chg°+2)—El—x§’
3 3 1
fzz“E(Chgo“"l)—EEl_xg?

(4.13)

1 1 a3

t _ — —_— =_—0

o= groh bl &= 1) = 5o,
3 3 x

t = —— —_— T

vz 8ﬂ:shgo(chgo+ 1) (=) )

The variations of f,,, f,, and f,, with respect to z, are shown in figure 5, and those
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Fiaure 6. Variation of ¢, and ¢,, when the sphere is in the aperture.

of t,, and ¢,, in figure 6. As the edge is approached, they increase monotonically to
the limits satisfying the relation

Jowifyy i Joz = 7:4:3, tryity, = 1:—3. (4.14)

The same relation is found in the case of a semi-infinite plane (Hasimoto et al. 1983).
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Fiaure 7. Contours of f,, in the (x,, 2,)-plane.
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Fravre 8. Contours of f,, in the (z,, z,)-plane.

In fact, taking the limit £, 00 in (4.9) and (4.10), we have the same expressions as
in the case of a semi-infinite plane. On the other hand, at the centre p, = 0, we have

Jozifyy foe =2:2:1, 4, =t,=0. (4.15)

When the sphere is at any position in the (z,, z,)-plane the diagonal elements of
K represent the drag correction, which is always positive. Contours of f,,, fyy and
Jz. are given in figure 7, 8 and 9 respectively. The anisotropy of K causes a sideforce
when the sphere translates along a line that is skewed with respect to the coordinate
axes. It is interesting to note that the extremum value of f,, at z, = 0 for fixed 2,
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Freure 9. Contours of f,, in the (x,, z,)-plane.
Zo

Xo

Ficure 10. Contours of f,, = f,, in the (x,, z,)-plane.

is not always a local minimum; i.e. maximum for z, > 1.08. This effect will be
investigated in detail when the sphere moves on the plane of fixed height z,.

The off-diagonal parts also imply the presence of sideforce even in translation
parallel to the z or radial axis. Contours of f,, = f,, are shown in figure 10. When
the sphere approaches the plane in a direction parallel to the z-axis, there is an inward
sideforce. When the sphere moves in the radial direction outward, there is an upward
sideforce. No sideforce appears when the sphere translates in the azimuthal direction,
as is clear from symmetry considerations.

As an example of the translation of the sphere experiencing composite forces, we
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()

Fieure 12. Contours of the sideforce (y-component) in the (x4, y,)-plane when the sphere translates
parallel to the z-axis for fixed z,: (a) 2, = 0; () 0.5; (c) 1.0.
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F1eUre 13. Contours of the sideforce (z-component) in the (x,, y,)-plane when the sphere
translates parallel to the z-axis for fixed z, (= 1.0).

consider motion parallel to the x-axis for fixed z, and y,. Figure 11 shows the contour
of drag correction (—F,/D,—1}/a for z, = 0, 0.5, 10 and 1.5 (figures 11a,b, ¢, d).

Note the topological differences between figures 11 (c) and (d). In figure 11 (c) the
minimum value is attained at the origin (x, = y, = 0), but in figure 11(d) the origin
becomes the local saddle point, which has already been expected from examination
of figure 7. This result seems to be related to the fact that the maximum induced
volume flux is attained at (0.65,0.62) in the (x,,z,)-plane; the reduction of drag
correction by the induced flow being rather larger off-axis and off-plane. We note that
these topological changes take place at z, = 0.88 and 1.08. The influence of the hole
vanishes rapidly as y, is increased.

Figures 12 and 13 show the contours of sideforce F,/D,a and F,/D,a respectively.
The sideforce F,/Dya is due to the anisotropy of the tensor K. It shows a very
interesting variation when the sphere moves along the line y, = const. In figure 12 ()
F,/Dya changes its sign three times if |y,| < 0.64, first (inward > outward) when the
sphere enters the semicircle of radius 0.64 from negative ,, secondly (outward —in-
ward) at , = 0, and finally (inward - outward) at the opposite semicircle. Whereas
for |y,| = 0.64 the change occurs only at z, = 0, similarly to the case of greater height
|zo] = 0.74, where the change occurs only once for any value of y, (figure 12¢).

The sideforce F,/Dya is due to the off-diagonal components of K. Tts sign change
takes place at x, = 0 (downward - upward). The influence of the hole is small, except
for a small region near the hole. In particular F,/D,a decreases very rapidly, and the
force correction to the sphere is nearly parallel to the plane when it moves far off-axis.

Contours of the torque t,,, t,,, t,, and t,, in the (x,,2,) (z, > 0) plane are given
in figures 14, 15, 16 and 17 respectively.

The values of ¢,, and ¢, vanish on both axes to our order of approximation, as
in the case of a rigid wall, where they are O(a%). When the sphere moves in the radial
off-axis direction, a positive azimuthal component of torque appears. When the
sphere moves in the positive azimuthal direction, a negative radial component of
torque occurs. These torques increase to infinity as the edge is approached. The values
of t,, and t,, vanish on the 2, axis and on the rigid wall, as is to be expected from
the symmetry of the problem. The torque of the positive azimuthal component
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Ficure 14. Contours of tzy In the (2, z,)-plane.

Zo

Zo

Xo

Xo

Fieure 16. Contours of —t¢,, in the (x,, z,)-plane.
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Fieure 17. Contours of ¢,, in the (z,, z,)-plane.
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Ficure 18. Trajectories of a small sphere: (a) through a hole in a horizontal wall;
(b) beside a vertical wall with a hole.

appears when the sphere moves in the positive z-direction. Torque around the
negative z-axis occurs when the sphere moves in the positive azimuthal direction.
They increase infinitely as we approach the edge of the hole, where the asymptotic
form given in the case of the semi-infinite plane is attained. For z, < 0 we have only
to notice that ¢,, and ¢, are odd functions of z, and that ¢,, and t,, are even.

As an application of our results, the trajectories of a small sphere (diameter 0.1)
under the effect of constant gravity are calculated for two cases:
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(a) when the sphere is dropped through a hole in a horizontal wall;

(b) when the sphere is dropped besides a vertical wall with a hole.

Figure 18(a) shows the trajectories for case (a), where a gravitational force with
negative z-component acts on the sphere. The initial positions of the sphere are
(x,y,2) = (0,0, 1.5), (0.3,0,1.5), (0.6,0,1.5) and (0.9,0, 1.5). The trajectories for case
(b) are given in figure 18 (), where gravity, parallel to the negative z-axis, is exerted
on the sphere. The initial positions are (1.5,0,0.2), (1.5,0,0.4) and (1.5,0,1.4). All
trajectories remain in the (, z)-plane, and the subsequent positions of the sphere are
shown in the figures. When the sphere moves near the plane wall, its translational
velocity decreases, because it suffers larger drag. The effect of the sideforce is
remarkable in the vicinity of the edge. The arrow signs in the figures represent the
rotation of the sphere. Note that the rotational velocity is so small that the effect
on the force is negligible in our approximation.

The authors would like to express their thanks to Dr A. M. J. Davis for making
them aware of his study on the same subject (Davis 1983). In his paper, the mixed
boundary-value problem is reduced to a dual integral equation and the solution is
given in the form of infinite series of integrals.

This work is partially supported by a Grant-in-Aid for Scientific Research from
the Ministry of Education.
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